Limitations of imaging using electrical resistivity tomography (ERT) arise because of the difficulty of quantifying the reliability of tomographic images. A major source of uncertainty in tomographic inversion is data error. Data error due to electrode mislocations is characterized by the sensitivity of electrical potential to both source and receiver positions. This sensitivity is described by a scattering-type equation and, therefore, depends not only on source-receiver separation, but also on the location and magnitude of contrasts in electrical conductivity. At the overlapping scales of near-surface environmental and engineering geophysical surveys, for which electrodes may be close to the target and experiment dimensions may be on the same order as those of the target, errors associated with electrode mislocations can significantly contaminate the ERT data and the reconstructed electrical conductivity. For synthetic experiments, variations in the data due to electrode mislocation are comparable in magnitude to typical experimental noise levels and, in some cases, may overwhelm variations in the data due to changes in material properties. Furthermore, the statistical distribution of electrode mislocation errors can be complicated and multimodal such that bias may be introduced into the ERT data. The resulting perturbations of the reconstructed electrical conductivity field due to electrode mislocations can be significant in magnitude with complex spatial distributions that are dependent both on the model and the experiment.
I N T RO D U C T I O N
The 3-D direct-current (DC) electrical resistivity tomography (ERT) experiment involves the reconstruction of electrically heterogeneous earth models from measurements of the electrical potential arising from application of a current source. The ERT method has proven to be a valuable geophysical tool for imaging hydrothermal alteration (Shima 1992) , epithermal mineral prospects (Ellis & Oldenburg 1994) , moisture content (Yeh et al. 2002) , fracture flow paths (Slater et al. 1996) , hydraulic barriers (Daily & Ramirez 2000) and dynamic processes such as vadose zone water movement (Binley et al. 2002) , steam injection (Ramirez et al. 1993) , air sparging (LaBrecque et al. 1999 ) and contaminant transport (Newmark et al. 1998) .
Despite the successes of ERT, work is required to address limitations of inverted electrical conductivity distributions for providing reliable and especially stand-alone information about subsurface properties. A major source of uncertainty in tomographic inversion is data error, which can be manifest as inaccurate inverse results or artefacts (Gough & Sekii 2002) . Poor understanding of the origins of data error results in a poor understanding of inversion artefacts and the consequence is a lack of confidence in tomographic images for practical interpretation.
One potential source of ERT data error is mislocation of electrodes due, for example, to inaccuracies of electrode string construction, placement errors, surveying errors, or deviation of boreholes and direct-push technologies. For conventional large-scale applications of the DC resistivity technique, the common perception is that exact electrode position information is not critical to an accurate and successful experiment or consequent data interpretation. However, in the context of robust inversion development, Morelli & LaBrecque (1996) illustrate that errors in electrode position significantly affect the ability to construct a reliable electrical conductivity field. Zhou & Dahlin (2003) present a more comprehensive investigation of electrode position errors for 2-D surface resistivity experiments. They develop expressions for the perturbation of the homogeneous geometric factor for several 2-D survey geometries in response to electrode spacing errors. For heterogeneous models, they perform synthetic inversions to demonstrate that spacing errors result in near-electrode variations of the reconstructed electrical conductivity field, the magnitudes of which are strongly dependent on the array type but may exceed 20 per cent.
To our knowledge, these are the only investigations of the effects of electrode position error on electrical resistivity data or inversions. In a similar study of airborne electromagnetic data error, Walker (1999) investigated the effect of flight height on inverted conductivity images. Further, determination of exact source location is the central problem of earthquake hypocentre location (Aki & Lee 1976) , and it is well known in the realms of seismic and radar traveltime tomography that small errors associated with the mislocation of sources and receivers may overwhelm variations in the data due to changes in velocity (Maurer 1996; Vasco et al. 1997) .
Given the possibility of ERT data error resulting from electrode mislocation, assessment of the accuracy of heterogeneous conductivity fields recovered from these data requires characterizing the dependence of the data on electrode position. We quantify this dependence via the sensitivity of electrical potential to source and receiver position. Our position sensitivity calculations allow for prediction of the systematic error associated with electrode mislocations. These error predictions can be used to compare survey designs or as part of the a priori information that dictates data weighting and, thus, data fitting in an inverse paradigm. For a synthetic example, we demonstrate how the local linearized Fréchet derivative of the forward operator can be used to map electrode mislocation error (or any systematic data error) to artefacts in the estimated electrical conductivity.
T H E O R E T I C A L D E V E L O P M E N T
For the ERT experiment, the data d(r) are a non-linear function of the model m according to d(r) = f (m). The observed data are inevitably contaminated by error, which we assume to be comprised of a random uncorrelated component e and a systematic component e s such that LaBrecque & Yang 2001) . In an inverse context, unbiased errors in the data blur the region of model space that is compatible with the data, whereas bias introduced by e s may shift the regions of resolvable model space. Consider minimization of the least-squares data objective function
In the event that an estimate of e s can be predicted, it can be incorporated into a data weighting operator W such that the objective function becomes Gough & Sekii (2002) demonstrate that incorporation of e s during inversion in terms of data weighting can mitigate inaccuracies in the recovered model. In the event that systematic errors are unaccounted for, they will map to artefacts m in the recovered model according to minimization of
obs 2 such that e s ≈ J m where J = ∂ f /∂m is the local linearized Fréchet derivative of the forward operator f .
For the ERT experiment, electrode mislocations will contribute to systematic error in a manner that can be predicted by the sensitivity of the electrical potential to source and receiver position. The general ERT differential equation and boundary condition are given by
where φ is the electrical potential (hereafter potential), σ is the electrical conductivity (hereafter conductivity), I δ(r −r s ) is the polesource function with current strength I, r = xî + yĵ + zk is the receiver position vector, r s = x sî + y sĵ + z sk is the source position vector and n is the outward normal vector to the surface boundary S of domain V . Since the differential operator is linear in φ, the response to any source array can be built from a summation of solutions for a series of pole sources (i.e. the principle of superposition). By analogy to the problem of determining the sensitivity of ERT data with respect to electrical conductivity, we can attempt to determine the position sensitivity via any of three general approaches (e.g. McGillivray & Oldenburg 1990; Spitzer 1998 ): finite-difference perturbation, the sensitivity equation, or an adjoint Green's function solution. However, the development of sensitivity to position is unique in that position is an implicit component of both the differential operator and the source function of the DC electrical eq. (1).
The most straightforward of the three approaches, finitedifferencing, involves repeated forward solutions for perturbed source and receiver locations. However, we would prefer a formulation of the sensitivity of potential to changes in source and receiver position that does not depend on choice of an arbitrary mislocation value and delivers some insight into the nature of the sensitivity. To this effect, we briefly discuss the results of the sensitivity and adjoint solutions. The significant results are that sensitivity to position obeys a scattering-type equation and both the sensitivity equation and adjoint solution for position sensitivity ultimately reduce to a finite-difference solution for practical ERT applications.
For a particular source position, the horizontal component of the source sensitivity equation is given by
where conductivity is not a function of source position. To evaluate the derivative on the delta function, we expand eq. (2) to Poisson's equation
and apply the wholespace Green's function for the Laplacian to obtain the integral solution for the sensitivity of wholespace potential φ 0 to the source position:
This equation is a scattering-type equation with a homogeneous primary term and a secondary integral scattering term. Not only does the sensitivity depend on the source-receiver separation, but it also depends on the location and magnitude of contrasts in electrical conductivity due to the phenomenon of charge accumulation (Li & Oldenburg 1991) . Scattering equations can be difficult to solve and a Born approximation is expected to be inadequate in the presence of realistic conductivity contrasts (Hohmann & Raiche 1988, p. 471) . Alternatively, we can pursue an approach to determining the sensitivity that uses the Green's function to solve for the perturbation in potential associated with a perturbation in the parameter of interest (McGillivray & Oldenburg 1990 ). The self-adjoint Green's function is defined as the solution to the differential equation in response to an impulse source:
Due to the point nature of the electrical source in eq.
(1), the potential solution is given by a scaled Green's function φ(r, r ) = I G(r, r ). Perturbing the DC electrical equation with respect to horizontal source position yields
for which the perturbation in position cannot be isolated. Applying the Green's function to the perturbation equation results in ∂φ(r, r s )/∂ x s = I ∂G(r, r s )/∂ x s in the limit of the perturbation going to zero; the same result is obtained via application of the Green's function to the sensitivity eq. (2). Similarly, with respect to receiver position, ∂φ(r, r s )/∂ x = I ∂G(r, r s )/∂ x such that the perturbation of potential due to mislocation of the receiver and source electrodes is given, to the first order, by the directional derivative φ = I ∇ s G · r s + I ∇G · r. Since an analytical solution to the Green's function is not possible for heterogeneous media, the partial derivatives must be calculated by a differencing of offset Green's functions. Furthermore, for the typical case in which the Green's function is obtained via forward solution of the reciprocal problem (e.g. LaBrecque et al. 1999) , the Green's function solution for the potential perturbation will ultimately equate to finite-differencing of multiple forward solutions of the potential.
To calculate the potential, we implement a weak-form, finitevolume solution (Dey & Morrison 1979 ) with singularity removal of the point source function (Lowry et al. 1989) . For a particular source, the sensitivity to the kth receiver position is approximated using the second-order accurate, centred finite-difference
where p x and n x are the local positive and negative step sizes for a non-uniform numerical mesh.
Furthermore, the self-adjoint or reciprocal nature of the diffusion equation (Gangi 2000) results in the equality ∂φ/∂x s = [∂φ/∂x] R where R denotes the reciprocal experimental geometry obtained by swapping the source and receiver positions. For any experiment in which all electrodes are addressed as current electrodes at some point in time, the reciprocity relation implies that we need only calculate the sensitivity with respect to either the source or the receiver position. Since the forward solution is typically solved over all space at a grid spacing that is finer than the source spacing, it is most efficient to calculate sensitivities in terms of the receiver electrode positions only.
In the case of homogeneous media, the analytical Green's function is known and we can construct the position sensitivities from the 
where the image source is located at r i = x sî + y sĵ − z sk .
A N A LY T I C A L R E S U LT S
The relative sensitivity of potential to receiver electrode position in the vertical direction (denoted as g z ) for a single source in a pole-pole experiment is illustrated in Fig. 1 . Examples of receiver position sensitivities for vertical common-hole and horizontal crosshole dipole-dipole experiments are illustrated in Figs 2 and 3, respectively. To contextualize the sensitivity magnitudes, we note that measurements for ERT experimental setups are highly repeatable to less than 1 per cent (LaBrecque & Yang 2001) . A better measure of random noise is given by reciprocal data and a common quality control procedure consists of a reciprocal data check and a culling of data that do not have reciprocal matches below some critical cutoff near 3-5 per cent (Zhou & Dahlin 2003) . Due to the principle of reciprocity (Gangi 2000) , data error associated with electrode mislocations are not caught and eliminated by reciprocal checks. Systematic errors associated with electrode mislocation are propagated via incorrect forward modelling and are, therefore, invisible to any noise-removal techniques that rely on identifying random noise.
If we assume 3 per cent to be the nominal critical error, then it is apparent from Fig. 1 that, for a 10 cm mislocation, the data for the pole-pole experiment will be significantly contaminated if they are acquired within approximately 3-5 m from the source in the vertical direction or 3 m from the source in the horizontal direction (not shown). It is also evident by comparing Figs 1, 2 and 3 that the sensitivity with respect to dipole receiver position (denoted as S z ) is greater than that for a pole receiver and also that the horizontal dipole data are less susceptible to position error than the vertical dipole data.
Since the homogeneous relative sensitivities are purely geometrical and independent of current strength or conductivity, the highly localized nature of the sensitivities for these simple examples illustrates that electrode position errors are particularly important for overlapping-scale problems. Significant sensitivities are limited to the very near-field, a region often occupied in near-surface environmental and engineering geophysical experiments.
S Y N T H E T I C R E S U LT S
For the case of heterogeneous media, we consider a simple synthetic ERT experiment consisting of four shallow boreholes enclosing a conductive target at depth (Fig. 4a) . The experiment is designed as an approximation to a general near-surface contaminant detection and monitoring application. The boreholes are arranged in a square pattern 6 m on each side and extend to 20 m depth. The target has a conductivity of 0.1 S m −1 ; the background conductivity is 0.002 S m −1 . Dimensions of the target are 4 m on each side in the horizontal directions and 5 m in the vertical direction between 6 and 11 m depth. Electrodes are placed at 1 m intervals in each borehole from 2 to 20 m depth and we will consider the synthetic data collected from a pole-pole experiment, a circulating vertical dipole-dipole experiment with 1 m dipoles, and a cross-borehole horizontal dipole-dipole experiment using the borehole pairs BH1-2, 2-3, 3-4 and 4-1.
The heterogeneous conductivity field acts to perturb the sensitivity of potential to the receiver position. As illustrated in Fig. 4(b) , the conductive body acts to deflect the sensitivity isosurfaces. Conversely, a resistive body tends to channel or absorb the sensitivity distribution (not shown). To quantify the effects of electrode mislocations on the ERT data, we can examine the results for the synthetic experiments both spatially in terms of measurements down the boreholes and holistically in terms of frequency distributions.
The effects of receiver mislocation are illustrated in Fig. 5 for the synthetic data corresponding to a single source of a pole-pole experiment. Although the magnitudes of the errors associated with electrode mislocations are generally smaller than the perturbation of the data due to the heterogeneous body, errors within the source borehole are above experimental precision and comparable to typically estimated noise levels or reciprocal tolerances. In the nonsource boreholes, errors are largest near the conductivity contrast but are of minimal magnitude. For the vertical dipole-dipole data (Fig. 6 ) and the horizontal cross-borehole data (Fig. 7) , observed effects are more significant in that errors in the non-source boreholes are comparable to estimated noise levels and, in the near-field Figure 8 . Distribution of (a) the relative change in the data from a homogeneous background, (b) the relative sensitivity of the data to receiver position, and (c) the relative sensitivity of the differenced data to receiver position for the pole-pole experiment. The legends x and z indicate sensitivity in the horizontal and vertical directions, respectively. region, the electrode mislocation errors are comparable to the signal strength associated with the heterogeneous body. As suggested by the analytical results, electrode mislocations are of greater concern for dipole data than for pole data. The largest errors are encountered for the vertical dipole-dipole experiment. For both the horizontal Figure 9 . Distribution of (a) the relative change in the data from a homogeneous background, (b) the relative sensitivity of the data to position of the receiver dipole and the positive receiver electrode M and (c) the relative sensitivity of the differenced data to position of the receiver dipole and the positive receiver electrode for the vertical dipole-dipole experiment. The legends x and z indicate sensitivity in the horizontal and vertical directions, respectively. and vertical dipole-dipole experiments, the data are more sensitive to vertical as opposed to horizontal dipole position.
The complete data sets for each experiment are presented as relative frequency distributions in Figs 8-10. The frequency Figure 10 . Distribution of (a) the relative change in the data from a homogeneous background, (b) the relative sensitivity of the data to position of the receiver dipole and the positive receiver electrode M, and (c) the relative sensitivity of the differenced data to position of the receiver dipole and the positive receiver electrode for the horizontal cross-borehole experiment. The legends x and z indicate sensitivity in the horizontal and vertical directions, respectively. distributions illustrate the overall statistical nature of the errors for a given survey geometry and data type. Overall, vertical dipole data appear to be the most susceptible to electrode mislocation. The vertical dipole data are most sensitive to vertical mislocation of only one electrode of the receiver dipole rather than to mislocation of the entire dipole. Conversely, the horizontal cross-borehole data are most sensitive to mislocation of the entire dipole. Perhaps most importantly, the frequency distributions reveal that the errors associated with electrode mislocations may not follow a normal distribution. In fact, we observe complicated, multimodal distributions, especially for the vertical (Fig. 9b) and horizontal (Fig. 10c) dipole experiments, that will introduce bias into the ERT data and the reconstructed electrical conductivity.
The frequency distributions also illustrate the effects of electrode mislocation on the differenced or time-lapsed experiment for which the data are considered to be the difference between pre-and postevent measurements (LaBrecque & Yang 2001) . In this case, the background conductivity field is homogeneous and the perturbed conductivity field consists of the background plus the conductive target that could be representative of a contaminant plume that has migrated into the domain. The postulate of data differencing is that, if the pre-and post-event systematic errors (or position sensitivities) are very similar or the same, then the systematic error in the differenced data will be very small or zero. However, differencing inevitably reduces the dynamic range of the data such that, in the event of incomplete cancellation, relative sensitivity may not be decreased. This is the case for the dipole-type geometries for which the relative position sensitivity distributions remain fairly constant for differenced data (Fig. 9b versus c and Fig. 10b versus c) . However, for the pole-pole geometry, the pre-and post-event sensitivities are sufficiently different that data differencing leads to a significant increase in the potential for electrode mislocation error (Fig. 8b versus  c) . Systematic errors associated with electrode mislocations are not cancelled by data differencing.
C O N D U C T I V I T Y A RT E FA C T S
For a hypothetical mislocation of a particular electrode, we calculate the perturbation in potential for all measurements associated with that electrode and we predict the total systematic error of the data by superposition. Given the systematic error vector e s , we estimate the conductivity artefacts m according to m = J −1 e s , where J is the discrete Fréchet derivative matrix of the forward operator. We calculate J using an adjoint Green's function solution (e.g. Spitzer 1998) and solve for m via conjugate gradients with least squares (Golub & Van Loan 1996) . It is important to note that not only is J model dependent, but it is also highly dependent on the number, location, and type of data. That is, J is both model and experiment dependent and, thus, it is difficult to make generalizations regarding artefact distributions. Artefacts estimated using the method presented here will differ from artefacts encountered in a full inverse procedure in so far as we do not consider Tikhonov-type model regularization and we utilize the exact conductivity for calculation of J. Artefact distributions presented hereafter are local about the true model, whereas, in an inverse procedure, the position errors and associated artefacts may alter the convergence path of the non-linear solution.
The conductivity artefacts associated with a 0.25 m vertical mislocation of only the uppermost electrode in BH1 are illustrated in Fig. 11 for the synthetic pole-pole experiment. Artefacts are not limited to the vicinity of the mislocated electrode because the data associated with the mislocated electrode involve all of the electrodes in the other boreholes. Trends that persist for different models and experimental geometries are the concentrations of high magnitude artefacts in the vicinities of mislocated electrodes, boreholes and contrasts in conductivity. For example, in Fig. 11 , we see that the upper right portions of the images tend to be more contaminated than the lower left regions and both the boreholes and target boundaries are evident as foci of artefacts.
For this example, artefact magnitudes are on the order of the background conductivity in the plane of the borehole and on the order of 10 per cent of the background conductivity in the plane of the target. Thus, position error artefacts will be more problematic when attempting to assess background variability than when merely identifying a conductive target. However, the artefacts do have the potential to inhibit accurate predictions of target boundaries and material properties. Furthermore, as the conductivity contrast decreases, the target will become more susceptible to contamination and a resistive target will exhibit a concentration of artefacts within the anomalous body. Finally, the example presented is for mislocation of a single electrode in a 3-D medium. Incorporation of additional electrode mislocations (such as borehole deviation) results in additive error and construction of J for a 3-D source in a 2-D earth (such as for 2-D ERT) results in an order of magnitude increase in synthetic conductivity artefacts.
C O N C L U D I N G R E M A R K S
We have shown that for overlapping-scale experiments such as those typical of near surface environmental and engineering applications, electrode mislocations can significantly contribute to systematic data error. Awareness of this potential error is critical because electrode position errors will not be eliminated by reciprocal data filtering, but rather, will propagate through inaccurate forward modelling of the data.
For a synthetic experiment, we predict the systematic error due to electrode mislocation based on calculations of the sensitivity of the electrical potential to the source and receiver functions. Polepole data appear most robust to the effects of electrode mislocations except in a data differencing context. Horizontal dipole data appear less sensitive to electrode mislocations than vertical dipole data (possibly due to the increased dipole length). In most instances, the magnitude of the relative sensitivity to electrode position is well above typical noise levels but below the signal magnitude associated with the target. The errors exhibit complicated, multimodal statistical distributions that can depart significantly from a normal distribution. Data differencing does not reduce the susceptibility of the ERT experiment to electrode position errors when the potential field undergoes significant change between states. However, we have not considered site-specific signal-to-noise levels or the logistics of the different survey types or of data differencing that will undoubtedly play a factor in survey design.
Given predictions of the systematic data error, we utilize the local linearized Fréchet derivative of the inverse problem to estimate artefacts in the reconstructed electrical conductivity. We stress that specific results for heterogeneous media will be model dependent and, in the case of artefact distributions, experiment dependent. For the synthetic experiment considered here, we demonstrate that the contaminated data can result in inversion artefacts that populate large portions of the tomographic volume. Ultimately, in a similar fashion, the sensitivity of electrical potential to source and receiver position could be employed in a coupled inverse technique to recover small electrode mislocations.
